- - -, ZEROS OF SYMMETRIC LAURENT POLYNOMIALS OF 

2 ; TYPE {BC)n AND KOORNWINDER-MACDONALD 

O ■ POLYNOMIALS SPECIALIZED AT t'^+^q''-^ = 1 



MASAHIRO KASATANI 



Abstract. A characterization of the space of symmetric Laurent poly- 
nomials of type {BC)n which vanish on a certain set of submanifolds 
is given by using the Koornwinder-Macdonald polynomials. A similar 
characterization was given previously for symmetric polynomials of type 
.^1^ , An by using the Macdonald polynomials. We use a new method which 

exploits the duality relation. The method simplifies a part of the proof 
'w' ' in the An case. 

■s' 

1. Introduction 

^ Let k, r, n be positive integers. We assume that n>k + l and r > 2. In 

^ ■ [S], n- variable symmetric polynomials satisfying certain zero conditions are 

r — , characterized by using the Macdonald polynomials specialized at 

m ■ (1) t^+\'~^ = 1. 

(N : _ 

To be precise, the paper \^ works in the following setting. Denote by m the 
■ greatest common divisor of k-\-l and r— 1. Let lo be an m-th primitive root of 

' unity. Then, the variety given by t~^q~^ = a; is an irreducible component 

"5 ■ of It is uniformized as follows. Let wi G C be such that uj^ ^^1'^ = 

^ ' ijj. We consider the specialization of t^q in terms of the uniformization 

parameter 

(2) i = n(^-i)/"^,g = a;in-('=+i)/™. 
■ 

5_j ■ The following result was obtained in [3]. 

Theorem 1.1. For a 'partition A = (Ai, . . . , A„) satisfying 

(3) Xi - Aj+fe > r {1 <i <n - k), 

the Macdonald polynomial P\ € C(t, q)[xi, . . . , has no pole at @, and 

when it is specialized at it vanishes on the submanifold given by 

(4) Xi/xi+i = tq"^ for 1 <i <k 

for each choice of non-negative integers Si such that < r — 1. Con- 

versely, the space of symmetric polynomials P G C(m)[xi, . . . , x„]®" sat- 
isfying the above condition is spanned by the Macdonald polynomials Px 
specialized at © where A satisfies Q. 
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The condition that a polynomial vanishes on the submanifold Q) is called 
the wheel condition corresponding to the submanifold (jlj and a partition 
A satisfying the condition Q is called a {k, r, n)-admissible partition. Note 
that if we set Sk+i = r — 1 — J2i=i follows that x^+i/xi = tq'^^+^ from 
© and dU . 

In this paper, we obtain a similar result in the case of n-variable symmet- 
ric Laurent polynomials of type {BC)n- Here we say a Laurent polynomial 
in the variables xi , . . . , j;ri is of type {BC)n if and only if it is symmetric and 
invariant for the change of the variable xi to x^^ . The original case in [S] 
corresponds to A„. We use the Koornwinder-Macdonald polynomials P\ of 
type {BC)n ISj in order to characterize the space of symmetric Laurent poly- 
nomials of type {BC)n satisfying the wheel conditions. The Koornwinder- 
Macdonald polynomials depend on six parameters t, q, a, 6, c, d. 

We set Wn := ©n X (^2)"'- Our main result is 

Theorem 1.2. Let A = (Ai, . . . , A„) he a (k, r, n) -admissible partition. Then, 
the Koornwinder-Macdonald polynomial P\ € C(t, q, a, b, c, d)[xf^ , ■ ■ ■ , ^n^]^" 
has no pole at and when it is specialized at it satisfies the wheel 
conditions corresponding to Q. Conversely, the space of symmetric Lau- 
rent polynomials of type {BC)n in C(u, a, b, c, d) [xf ^ , • • • , x^"'^]'^" satisfying 
the wheel conditions is spanned by the Koornwinder-Macdonald polynomials 
P\ specialized at @ where A are (k,r,n) -admissible partitions. 

Although the statement of Theorem 11.21 is quite analogous to that of 
Theorem II. 11 our proof of Theorem 11.21 is different from that of Theorem 
11.11 given in [2]. In fact, our method gives an alternative proof simpler than 
the one given in ^ for the An case. We use the duality relation for the 
Koornwinder-Macdonald polynomials P\. In [Sj, we obtain a further result 
by an application of the method used in this paper. 

Let us explain the duality relation and the method of our proof. We 
denote by P^ the dual Koornwinder-Macdonald polynomial ^ defined by 
dual parameters t,q,a* ,b* , c* ,d*: 

a* = -al/26l/2cl/2dl/2g-l/2^ 5* = _„l/2^1/2^-l/2^-l/2^1/2^ 
C* = -al/25-l/2cl/2d-l/2gl/2^ d* = -aV25-l/2c-l/2dl/2gl/2. 

For any partition = (/xi, . . . , and / € C{t,q,a,b,c,d)[xf^,...,x^^], 
we define specializations u^{f), u*^{f) of / by 



(6) 



u„{f) := /(t"-ig^'ia*,t"-2g/^2a*,-- - ,q^'"a 



u 



(/) := f{t''~^qf'^a, t''-^q''^a, • • • , q''"a). 



In particular, we have 

uoif) = /r-V,t"-V,...,a*), 
uUf) = f{t^-'a,t^-\...,a). 
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The duahty relations reads as 

To prove the two statements, (i) P\ has no pole at @, and (ii) Px spe- 
cialized at satisfies the wheel conditions corresponding to (jlj), we use the 
duality relation with special choices of /i. Here, we explain only the latter 
assuming that the former is already proved. The details of the proofs are 
given in the main body of the paper. 

In order to study the values of Px on the submanifold (jlj), we use by 
choosing fi = (^i, . . . , fin) in such a way that 

(8) |Ui - Hi+i = Si for i = 1, . . . , k, 

(9) Hi - Hi+i > 2[^]{r - 1) for i = A; + l,...,n-l. 

From the definition of the dual polynomial P*, it has no pole at the spe- 
cialization if © is valid. Without specialization Q we have an explicit 
formula for Uq{Px) and uo{P*), and we can easily count the order of ze- 
ros (or poles) for them. Using Q, we can prove that n*(Px) vanishes at 
((21). Since there exist enough /i's satisfying the conditions Q and ©, the 
Laurent polynomial Px itself should vanish at @. 

This much is the proof of the first half of Theorem 11.21 Let be 
the space of symmetric Laurent polynomials P of type {BC)n satisfying the 

(k r) 

wheel conditions, and for a positive integer Af, let J|^' be its subspace 
consisting of P such that the degree of P in each variable Xi is less than 
M. Because of the invar iance for , the dimension of this subspace 

is finite. From the first half of the proof, we have a lower estimate of the 
dimension of J]^j' . We give an upper estimate of the dimension of the 
same space by considering its dual space. This is a standard technique 
originated in the paper by Feigin and Stoyanovsky |3j. Showing that these 
two estimates are equal, we finish the proof of Theorem ll.2l 



2. Properties of the Koornwinder-Macdonald polynomials 
Let n be the number of variables. We denote by Wn the group generated 

by permutations and sign fiips {Wn = &n x (^2)")- We consider a Wn- 

symmetric Laurent polynomial ring 

(10) A„ = C[xf\.- - ,x±T"- 

We denote by vr^ the set of partitions of length n, A = (Ai, • • • , A„). We 
denote by fhx a monomial W„-symmetric Laurent polynomial: 



fnxix) := X] n 



Let An = AnCS) C(t, q, a, b, c, d). The Koornwinder-Macdonald polynomial 
Px{x) corresponding to A is a simultaneous eigenfunction of the difference 
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operators {Dj.; 1 < r < n} (see 1 ). The corresponding eigenvalues E^^^ are 
of the form 



E^{^ := ux{fhir) + ^ ar,sU\{mis 

0<s<r 



where ux is the one in © and Ur^s £C[t^^ ,q^^ ,a'^^ ,b^^ ,c^^ ,d'^'^ , {a*)^^. 
To be precise, 

Dr ■■= Ujc^^_iJi{x)Vu,j-ix)T,j^q 

JC{1,--- ,n},0<\J\<r 
ej=±l,j&J 



VejMx) 



'^3 

ax- 


1 - hx^^ 


1 — cxj 1 — dxj 


■X/ 


l + xj 1 


— q^/'^xj 1 + q^l'^x^- 




- tx^-x-', 


1 - tqx'j^xj,' 


1 


- X^X^, 


1 - qxj'xji 




tx'j'Xk 1 - 





j,j'eJ,j<j' 

^ 11 * 1 «j -1 

UK,p[X) .- [ 1) 2^ li« 1 + xf' 1 - g 1 + 

e;=±l,/GL 



n «-'t 



1 — tx^'x^/' 1 — tq ^Xi "^'x;/'' 
^i' 1-5 ^aJ, 'x„ 



1 — txl^Xk 1 — txfx~j^^ 



n 



and 



where T^j^q := Hj^j T^^j,g , and 

{T±j,gf){xi, - ■ ■ ,x„) :=/(xi,-- - ,Xj_i,g=^^Xj,Xj+i 



For an indeterminate X, by taking the hnear combination of {Dr}, we 
can define the operator D{X) 

n 

D{X) ■.= Y,D[X--\ 

i=0 
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where {D'-; < i < n} are defined inductively as follows 

D'o = 1 

D'i = Di-'^aijDj. 

j<i 

Then the eigenvalue Ex{X) of the operator D{X) is given by 
D{X)Px = Ex{X)Px 



4 = 1 

We use the dominance ordering \> ji for partitions A and ^. We have 
Lemma 2.1. Let ca^ he 

Px =:mx + ^ cxfj.m^. 

At<A 

// there does not exist f < X such that Ex{X) = E^{X) at a certain spe- 
cialization of parameters, then for any ^ < X, cxfj, has no pole at the same 
specialization. 



Proof. It is clear from the defining equality of P; 



X 



_ I yr D{X)-E,{X) . 



□ 



Remark 2.2. In order to distinguish eigenvalues in the specialization p5|) . 

the second order operator Di alone is not enough. The eigenvalue E^^^ of 
Di is given by 

n 



For example, let n = 4, /c = 3, and r = 3. Then t'^q = —1. Hence -E^g 3 2 0) ~ 

^(4,3,3,0)' although -E(3 3_2,o)(-'^) 7^ %,3,3,o) (-'^) • This is why we use the 
operator D{X). 

We define a dual Koornwinder-Macdonald polynomial P^ by dual param- 
eters a*,b*,c*,d* given in ©. 

In |Sj, we have the following relation. 

Proposition 2.3 (duality). For all X, fi £ 7r„, the Koornwinder-Macdonald 
polynomial Px and the dual Koornwinder-Macdonald polynomials P* S A„ 
satisfy the following duality relation: 

^^^^ u;{Px) _ uxipp 



u*^{Px) no(P;) 
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Here, the definition of u*^ and u\ are those in Q. 

In it is shown that the duahty relation imphes the fohowing 
evaluation formula. 



Proposition 2.4. 



(^2n+l—i~j(*\2. \ 



{t^-i-j{a*y;q)x,+x, 



.14^ psingle -TT ^-A. {t^-'ia*?, t^-'a*b* ,t^-'a*c* ,t^-'a*d*; q)x, 

A ' ^l'^ (p-*a*,-t"-^a*,i"-'a*gV2^-t"-ia*gi/2;g)^^' 

i/ere, (a;g)i := ni=o(l ~ a"'^^ (ai,a2, • • • ,ap;g)/ := \fi=i{a'uq)l- 

Remark 2.5. Note that in (|13)) . there appear only factors of the form 
(1 — t^qy), x,y € Z>o. In l\12^ . there appear only factors of the form (1 — 
f^qyia*)^), x,y £ Z>o. In (UH), there appear only factors of the form (1 — 
tV(a*)^), {l-t''qy~a*b*), (1 - tVa*c*), (1 - t^gVd*), x, y S Z>o. 

3. The space /JJ'"'^ and jIJ'""^ 
In this section, we describe zero conditions and construct symmetric 
Laurent polynomials satisfying the zero conditions. 

First, we describe a specialization of the parameters. Let k, r be integers 
such that 1 < k < n — 1 and r > 2. Let m be the greatest common divisor 
of {k + 1) and (r — 1). Let a; be a primitive m-th root of unity. Let lji € C 
be such that u)^^ _ 

Definition 3.1. For an indeterminate u, we consider the specialization of t 
and q: 

(15) t = g = wi-u-^'^+i)/"*. 

Then for integers x,y £ Z, t^q^ = 1 if and only if x = {k + l)l, y = {r — l)l 
for some I € Z. Moreover, the multiphcity of (t('=+i)/™g(^~i)/™- — a;) in 

^^{k+l)lq(r-l)l _ 1) i_ 

We define the subject of our study. We denote by the corresponding 
space := A„ C(u, a, b, c, d). 

Definition 3.2. A sequence (si, • • • , Sk+i) (si, • • • , s^+i G Z>o) is called a 
wheel sequence if si + • • • + s^+i = r — 1. For / S A^, we consider the 
following wheel condition: 

.^g- / = 0, if Xi+i = tq^'Xi {l<i<k) 

for all wheel sequences (si, • • • , s^+i). 
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We consider the subspace C 

(17) J^'^'^) := {/ E A^; / satisfies 

We denote by A^ the subspace consisting of / G A^ such that the degree 
of / in each Xi is less than M. We set := J^^'^^ n A^ ^. 

Remark 3.3. For any partition /i G 7r„, n* (x^+i) = t^qt^i-t^k+i _ 

Hence the condition /ii — Hk+i < r — 1 corresponds to the existence of the 
wheel sequence: Sk+i = r — 1 — (/ii — fik+i) > 0. The wheel conditions 
for f{x) G A'„ correspond to u*^{f) = at the specialization ()15() for any 
partition fj, & iTn such that /ii — /ifc+i < r — 1. 

Remark 3.4. In 2 , it is proved that u*^{Px) = for /ii < and Ai > 
under the specialization of parameters t'^~^abq^ = 1. As it were, this is 
the zero condition on the finite set {{u*^{xi), ■ ■ ■ ,u*^{xn)); G 7r„,^i < A^}. 
On the other hand, in this paper, the wheel condition is on the infinite set, 
because it determines at most the ratio of variables. 

For /(t, q, a, b, c, d) G C[t, q, a, b, c, d], we use a specialization mapping ip 

ip : C[t,q,a,b,c,d] — > C{u,a,b,c,d) 

fit, q, a, b, c, d) ^ f{u^'~'y^, u:^u-^^+^^'^, a, 6, c, d), 

and we extend ip to those elements of the field C(t, g, a, 6, c, d) for which the 
specialized denominator does not vanish. 



Lemma 3.5. If X^'Kn satisfies 



n 



[r — 1) for l<i<n — k — 1, 



k + l_ 

then P\ and have no pole at the specialization l\15\i . 

Proof. First, we discuss on Px- Suppose that there exists ^ such that 
ip{Ef,{X))=ip{Ex{X)), that is 

{V9(r~*Q^'a* + t-''+\-^^{a*)-^y, 1 < i < n} 
= {^(t"-*g^'a* + t-"+^g-^'(a*)-i); l<i<n}. 

Since u and a* are generic, it must be satisfied that 

{99(t"-('=+i)'-^5^(fe+i)'+») ; / G Z>o and 1 < {k + 1)1 + i < n} 
= {99(t"-('=+i)'-^^^{'=+i)'+') ; / G Z>o and 1 < (A; + 1)/ + i < n} 

for 1 < i < A; + 1. Hence 

{(r - 1)/ + ; / G Z>o and I < {k + 1)1 + i < n} 

= {(r - 1)/ + X(k+i)i+i ; / G Z>o and 1 < (k + 1)1 + i < n} 
for 1 < i < A;+ 1. 
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Then for any 1 < i < k + 1, there exists h > such that (r — + 
= Xi and there exists > such that (r — 1)1'^ + A(fc_|_i)i'_|_j = ^j. 
If 7^ 0, then by the hypothesis, 

fii - Hi^k+i)h+i = {r- + A(fc+i);/+i - Aj + (r - 1)/, 

n 



< 2 

< 0. 



k + l 



k + 1 



{r - 1% 



Hence /• must be equal to 0, namely Xi = fii. Inductively, we have A(fc_ ^i);_|_ t = 

for all / > 0. It follows that A = /i. Therefore from Lemma l2.11 
has no pole at the specialization (|15j) . 

For P^, its eigenvalue E't^(X) is given by replacing a* with a in ii^A(^)- 
Hence we can similarly show that P^ has no pole at the specialization H15|) . 

□ 

We are going to construct a basis of 
Definition 3.6. A E 7r„ is called (k, r, n)-admissible if 
(18) Xi - Xi+k >r {l<yi<n-k). 

Our main result is 

Theorem 3.7. For any (k, r, n)- admissible X, Koornwinder-Macdonald poly- 
nomial P\ has no pole at the specialization (|i,5|) . Moreover, for any positive 
integer M , we have 

T{k,r) _ j(k,r) 

Here, we define a suhspace /C^''") of 

j(k,r) ._ spa,n(^^^^^^^^^^{(^(p^); A is {k,r,n)- admissible }, 
and we set 

^m'^^ := spauj^^^ ,,^^){99(Px); A is {k,r,n)- admissible and Ai < M}. 

First, we prepare some propositions and lemmas. 

Definition 3.8. For p € C(t, q, a, b, c, d), we denote by Z{p) G Z the multi- 
plicity of (t^k+l)/m^ir-l)/m _ ^) ^ r^^^^ -g^ 

p = {t'^+^q-^ - ifip-fp', 
where the factor p' G C{t, q, a, b, c, d) has neither pole nor zero at ((TC)) . 
Proposition 3.9. For any partition X G 7r„, we have 
Z{u*oiPx)) = Z{uo{Pl)) = mh I) G Z>o; \ - A^+(fc+i)/-i > (r - 1)Z + 1} 

-tj{(^, /) e A, - A,+(fe+i); > (r - 1)/ + 1}. 
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Proof. Recall Remark 12.51 The factor Py^ has the factors of the form 
{l-t^qy) €Z>o). 

li j -i + l = {k + l)l and Aj - \j > (r - 1)/ + 1, then ul{Px) has the 
factor (1 — in the numerator of Pf^^^ . If j — i = {k + 1)1 

and Xi - Xj > (r - 1)/ + 1, then u*q{Px) has the factor (1 - 
in the denominator of P^''^^ . Otherwise, there does not exist the factor 
(1 _ inPf^^. 

On the other hand, p^"™- and p^^s^f!- j-^^ve neither pole nor zero at the 
specialization (|15|) . 

uq{P^) is given by replacing parameters with dual ones in Uq{Px). Since 
the specialization (|15|) is invariant under acting * on parameters, we have 
Z{u,{Pl)) = Z{ul{Px)). □ 

Corollary 3.10. For any [k,r,n)-admissible X, we have Z(^Uq{P\)) — [^r^]- 

Proof. Since Xi — Aj+fc > r, 

Z(^(Pa)) = (^^lo-,i + (k + 1)1-1 <n} 

£ZlQ;i + {k + l)l <n} 

= max{(n - {k + 1)1 + 1), 1} - J]] max{(n - {k + 1)1), 1} 
i>i i>i 
n 

□ 

Remark 3.11. For g € A„, we take an integer N such that the degree of g 
in each variable Xi is less than Then to prove that g = (respectively, g 
has no pole) at the specialization (|15() . it is sufficient to show that there exist 
n subsets Ci, • • • , C„ C C(a, 6, c, d) \q^^ , t^^] , which satisfy the following two 
conditions: 

(i) for each i, '^{ipiCi)) > in C{u,a,b,c,d); 

(ii) for all choices of Ci G Ci , Z{g{ci, ■ ■ ■ ,Cn)) > (resp. > 0). 

Motivated by the observation above, we define certain sets of partitions. 

Definition 3.12. A partition ij is called thick if rji ^ Vi+i ^ fo'^ ^• 
For a thick partition G vr^, a set of partitions is defined by TTrj^N ■= 
{fi G 7r„; Hi = rji -\- di for all i where Q < di < N — 1}. 

For a thick partition rj S 'nn-k, we define vr^^ := {/i S TTn; — ^k+i < 
r, Hi = rji^k + di^k foi' A; + 1 < i < n where < < — 1}. 

When we use these sets tt^^at and vr^jv' choose a sufficiently large 
such that N ^ M and any thick partition r] such that r]i — rji^i ^ 

max(M,2[^](r - 1)), r]i > max(M,2[^](r - 1)). We do not specify N 

and rj in the below. 
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Lemma 3.13. For fi G ■K^rj,N or n G '^'r/N' ^ij^ "'^^ ^jl ^o,'^^ Pole at the 
specialization (| j5jl . Moreover 



Z{ul{P,)) = ZiuoiP;)) 




if lie T^r),N iv S vr„), 
- 1 e 7r^_^ (r/ G 7r„_fc). 

Proof. If /X is an element of tt^^at or vr^^v, then /ij » /Zj+fe+i for 1 < i < 
n — k — 1. Hence from Lemma 13.51 we see P^ and P* have no pole at (jlSj) . 

If /X G vr^^AT , then for each I < I < [^], /Uj » fJ-i+{k+i)i-i (1 < « < 
n — (/c + 1)/ + 1) and fii ^ l^i+{k+i)i (1 < i < n — (A; + 1)/). Hence from 
Propositionm ^K(P^)) = Z{uo{P;)) = [^]. 

If /i G vr^ then ^ui — ^fc+i < r — 1. Hence from Proposition 13.91 {i, I) = 
(1,1) is the only different situation from the case fj, G vr.^Ar. Therefore 
ZK(P^)) = Z(no(P;)) = [^] - 1. ' □ 

Now we are ready to prove a part of Theorem 13.71 

Theorem 3.14. For any (k,r,n)-admissible A, Koornwinder-Macdonald 
polynomial P\ has no pole at the specialization (\15^ and ip{Px) satisfies the 
wheel condition (|i6]) . 

Proof. Since A is (/c, r, n)-admissible, Z{uq{P\)) = [-j^] from Corollarv l3.1UI 
Let ^ |A| and let /x G Tin,N where r] e Hn- Then from Lemma 13.131 
P* has no pole at the specialization p5|) and Z{uq{P*)) = [^^]. From the 
duality relation (|11|1 . 

* / 7-> \ ^a(-Pu) *fT-)\ 

Therefore, Z{ul{Px)) > 0. 

Since this holds for all /x G vTjj^at, from Remark 13.111 we see that P\ has 
no pole at the specialization ((T3|) . 

Let ^ G TT^^ (r/ G iTn-k)- Then from Lemma [3. 131 P* has no pole at the 
specialization ((T3|l and Z(mo(-P,!)) = ikTT^ ~ ^' the duality relation 

(fTTI) . through the same argument as the above, Z{u*^{P\)) > 1. 

We have shown u*^{Px) = at the specialization ((T3|) for all ^ G vr^^. 
Hence from Remark 13.31 and Eemark 13.111 we conclude that f{Px) satisfies 
the wheel condition H16|l . 

□ 

Corollary 3.15. The space I ^^'^^ and 1^^'^^ are well-defined for any positive 
integer M , and we have 5 -^m ''^- 

(k rl 

4. Estimate of dim J];^' ' 

We have already constructed the polynomials satisfying the zero condi- 
tions. In this section, we show that J^J''^'' = i'^m^'^ by giving an upper 
estimate of the dimension of J^''^'^ ■ 
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Fix q'q, g[, g'2, 53 » 1. We take the limit t ^ 1, q ^ t, a ^ r^o, b -r^i, 
c ^ rS2+i/2, d -r33+V2^ where r is a primitive (r — l)-th root of unity. 
In this hmit the wheel condition H16|) reduces to 

(19) / = if = rP'xo (1 < i < A; + 1) 

for all pi, ■ ■ ■ ,Pk+i € Z and xq € C. We denote by C A„ the space of 

(i?C)„-symmetric polynomials satisfying H19|) . We define 

Jij'''^ = {/e j('''-);deg.,/<M}. 

Note that dimc(^,,6,c,d) ^m''^ < dime Jj^'''''. 

We consider the commutative ring Rm '■= C[eo, ei, 62, • ■ ■ iEm] for inde- 
terminates {ej}. We count the weight of Cj as 1 and the degree of as i. 
We set ex := HILi ^A, for A G 7r„. We denote by i?Af,n ^ 72^^ the space 
spanned by the monomials e\ such that A E 7r„ and Ai < M. 

We use the dual language (see 0). There is a nondegenerate coupling: 

(20) i?Af,n X A„,M ^ C; 
We introduce an abelian current 

M 

e{z) := ^ei(z* + 2;"*) + eo. 
j=i 

It satisfies 

(e(2:i)e(z2) • • • e{zn),f) = /(^i, 22, • • • , ^n) for / G An,M- 

-(fc r) 

Then for any / G Jj^^' , we have 

{eirP^z) ■ ■ ■ e{TP>'+^z)e{zk+2) ■ ■ ■ e{zn)J) = for ah (pi, ■ ■ ■ ,pk+i) E 
Hence the space 

spanc{e(TPiz) • • ■ e(rPfe+iz)e(zA;+2) • • • e(z„) 

; Z,Zk+2,--- ,Zn&'C,pi,--- ,Pk+l£l^} 
~(k r) 

is the orthogonal complement of Jj^^^ with respect to the coupling (, ). For 
p = {pi, ■ ■ ■ ,Pk+i) E J}^^^ ^ let be the coefficient of z'^ in 

e(rPiz)---e(rP'=+iz) =^rPz'='. 

d 

By the symmetry of exchanging z <-> in the current e(z), we have = 
r^^. We denote by Jm the ideal of Rm generated by the elements r^. 
Set JM,n '■= cTm n RM,n- Then the space (|2T|) coincides with JM,n- Since 
dimi?jv/^„/J'M,n = dim J^'''\ the condition ((TO)) is equivalent to the relations 
in the quotient space 

= for all p = {pi, ■ ■ ■ ,pk+i) E Z'^+i and d > 0. 
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Proposition 4.1. The image of the set {e\; X & iTn is {k, r, n) -admissible, \i < 
M} spans the quotient space RM,n/ JM,n- 



Proof. We introduce a total ordering for partitions and monomials. For two 
partitions A and ^ such that |A| > \^\, we define \ y fi. For two partitions 
A and n such that |A| = we define A :^ if Ai > /ii or Ai = ni, A2 > 1^2 
or Ai = ni,\2 = ^2,^3 > /X3 or • • • . We define for the corresponding 
monomials ex and e^, e\ e^. 
Let us calculate r^. 



k+l M 

e{TP^z)---e{TP^+^z) = n E ^N.K^'''^)'' 

j=\ij=-M 
( 

' k+l 



. iiH \-ik+i=\d\ ASTTfe+i 

\ ij>0 W>\d\ 



Hence, for any nonnegative integer d, 



k+l 

E E ^^.<^^A. 

iiH \-ik+i=dj=l XeTTk+i 

ij>0 \X\>d 



We define R^M,k+i ^7 



^M,k+l '■— ® "^^A, 

Ae7rfe+i,|A|>d,Ai<M 



and we consider a quotient space 



^M,k+l/y-"'M,k+l^ ^'d)- 
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In this space, 



k+l 







E n 



'■J 



ilH \-ik+i=d j=l 



1^1 H \-Pk+ii^k+i 



fe+i 



y/ij=i/_,-|-(r--l)rej,KjeZ>o / 



E E 

Ai<r-2 



r 



PlI^lH hPfe+ii^fe+i 



E n=., 

y/ij=Aj+(r— l)Kj,KjeZ>o / 



We set 7rfc+i,d := {A € vTfc+i; |A| = d}. For a sequence of nonnegative integers 
m := (ttt-O) ■ ■ ■ > such that ^ mj = /c + 1, we define a subset VTfc+i 

by 

7rfc+i,d(m) := {// € 7rfc+i,d ; 

tt{i; fii = a mod (r — 1)} = nia for every < a < r — 2}. 



We denote by m-^^ the multiphcity of i in A. Define m{X) := (mg 
Then, 



(A) 



(A) 

, • • • , Tn^_2 



E E 

Aewfc+i \MG7rfc+i.d(m(A)) 
Ai<r-2 

E ( E 

Ae7rj.+i \MeTfc+i,d("i(A)) 
Ai<r-2 



veSfc+iA 



Pii'iH hPfc+ii'fc+i 



Here, ca,/^ = Ili "^i'^'W Ili "^i^^' "^a is the monomial Sfc+i-symmetric 
polynomial (not Laurent). 

Since Ai < r — 2, the degree of 



(22) 



E E 

AevTfc+i \/ie7rfe+i,d(m(A)) 
Ai<r-2 



CA.^je^ mx{xi, ■ ■ ■ ,a;fc+i) 



in each variable Xi is less than r — 2. On the other hand, we can choose the 
values of Xi from r^,r^, • • • , r'""^ independently. Hence the expression (|22|) 

is identically zero in the quotient space R^m k+il ^^^M^k+i + Sp'^^d)- Since 
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monomial symmetric polynomials are linearly independent, it follows that 

cx,^e^, = 

/ie7rfc+i_£j(m(A)) 

in^t+i/l^Si+EpCr^)- Note that JM,fc+i = E^irEpCr^- There- 
fore in RM,k+i/JM,k+i, we have 

Aie7rfc+i_£j(m(A)) /i67rfc+i,|M|>d+l,/ii<M 

For any (A;, r, /c + l)-non-admissible partition A e vr^+i such that Ai < 
M, there exists some d and m so that A G 7rfc_|_i^rf(m). Moreover, the set 
contains at most one (A;, r, A; + l)-non-admissible partition A, and 
for all /X G TTk+i^difn) such that /x 7^ A, we have fj, >~ X. Therefore ca can be 
written in RM,k+i/ JM,k+i as follows: 

Let A G 7r,i be a (/c, r, n)-non-admissible partition such that Ai < M . Then 
there exists i such that Aj — \i+k < r. We set ^ := (Aj, • • • , Xi+k) & T^k+i and 
u := (Ai,-- - , Aj__i, Aj+fc+i, • • • ,A„,). Since fj, is (/c, r, /c + l)-non-admissible, 
from the above argument, we can rewrite /i as a linear combination of greater 
monomials {e^';/i' >~ //} in RM,k+i/ JM,k+i- Hence e\ can be rewritten in 

RM,n/JM,n aS follows: 

a'^a,a;<a/ 

Here, in the last =, we set A' := ^u' U v. 

If e\i is still (fc, r, n)-non-admissible for some A', we further rewrite e\i as 
a linear combination of greater monomials. Since {A G 7r„; Ai < M} is a 
finite set, this procedure stops in finite times. □ 

Corollary 4.2. dimJ^J'''^ < tt{A G VTn; A is {k,r,n)- admissible and Ai < 
M}. 

By Corollary 13.151 and Corollary 14.21 we complete the proof of Theorem 
5. Application to Macdonald symmetric polynomials 



We can apply the method in Section 3 to a proof of Theorem 11.11 
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In symmetry relations (Ch. VI, (6.6)) and special values (Ch. VI, 
(6,11')) of Macdonald symmetric polynomials have been given. By a com- 
binatorial argument similar to the one employed in this paper, we see that 
for any (A;, r, n)-admissible partition A, the multiplicity of the factor (1 — 
(f in r.h.s. of (6,11') is [^r^]. Moreover, for \i G vr^^Af or tt^ty, the 
same results as Lemma \i.\'6\ follow as well. Hence from symmetry relations, 
through the same argument as Theorem l3.141 we conclude that the Macdon- 
ald symmetric polynomial is well-defined and satisfies the wheel conditions 
if A is (fc, r, n)-admissible. 
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